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Abstract- formance of thgu, A)-ES for spherically symmetric fithess
While in the absence of noise no improvement in local function. A main result of his analysis, which was also stated
performance can be gained from retaining but the best by Rechenberg [11], is the observation that on the noise-free
candidate solution found so far, it has been shown exper- sphere the performance of tig, \)-ES is never superior to
imentally that, in the presence of noise, operating with a  that of the (, \)-ES, and thus no benefits can be gained from
non-trivial population of candidate solutions can have a retaining any but the best candidate solution generated. How-
marked and positive effect on the local performance of ever, Rechenberg [11] also provides empirical evidence that
evolution strategies(ES). In thispaper, we attempt to shed this is not true in the presence of noise. Simple numerical
some light on the reasons for the potential performance  computer experiments can be used to demonstrate that in the
improvement. In particular, we derive a progress law for very same fithess environment, significant speed-up factors
the (u, A)-ES on a noisy linear fitness function and both  over the(1, \)-ES can be achieved by retaining more than
numerically and empirically study its implications. We  just the (seemingly) best candidate solution if there is noise
then discuss the significance of the progress coefficients  present.
that have been obtained on the linear function for the In the present paper, we attempt to both shed some light on
quadratic sphere. Comparisons of the local performance  the reasons for the speed-up that can be achieved and to better
of the (u, \)-ES and of the (1 + 1)-ES and the (1, \)-ES  understand its significance. For that purpose, in Section 2 we

arepresented. describe briefly theu, \)-ES and outline and motivate the
fitness environments for which its performance is analyzed.
1 Introduction Local performance measures are introduced. In Section 3 a

progress law for th€u, A)-ES in a linear fitness environment

Evolution strategies (ES) are nature-inspired search heuristids derived that offers an intuitively appealing explanation for
that iteratively apply operators of variation and selection tothe speed-up. The population variance that appears as an im-
a population of candidate solutions to an optimization prob-portant term in that progress law is studied empirically in Sec-
lem. There is evidence that such strategies are particularlyion 4. An attempt to obtain an analytical expression for the
effective and superior to many other common optimizationpopulation variance based on a normal approximation proves
schemes in the case that the objective function — in what folto be rather inaccurate. In Section 5 we reduce the prob-
lows referred to aditness function- is disturbed by noise. lem of obtaining a progress law for a spherically symmetric
Nissen and Propach [9] present empirical evidence that sugjuadratic fitness function in high-dimensional search spaces
gests that it is the use of a non-trivial population of candidateto that of the linear fitness environment. Subsequently, the
solutions that is responsible for the relative effectiveness operformance of théu, \)-ES is compared with those of the
evolution strategies in the presence of noise. (1 + 1)-ES and of the 1, \)-ES. The benefits of maintaining

In a number of papers, the local performance of(thet a non-trivial population of candidate solutions are compared
A\)-ES [1, 4] as well as of théu/ur, M\)-ES [2, 3] have been  with those stemming from recombination. Finally, Section 6
studied in noisy, spherically symmetric fitness environmentsconcludes with a brief summary of the main results and with
In both cases, the analysis was simplified because there wakrections for future research.
no need to consider a non-trivial population of candidate so-
lutions. For thg(1 1 X)-ES this is immediately obvious. For 2 Preliminaries
the(u/ur, A)-ES itis due to the fact that recombination in ev-
ery time step computes the centroid of the parental populatiovolution strategies together with fitness functions form iter-
as the common starting point for all mutations. ated dynamical systems. The behavior of such systems is im-

The (1, A)-ES does not utilize recombination. jf > 1 possible to characterize analytically unless simplifying con-
its performance is considerably harder to analyze than thaditions regarding the strategies and/or the fitness environment
of the strategies that work on a trivial population of candi- hold true. Examples of such simplifying conditions are the
date solutions. It is not possible to consider single generaassumption of linear or quadratic fitness functions, very high
tions only. Instead, the population of candidate solutions thasearch space dimensionality, or the use of isotropic mutations
emerges in the course of evolution has to be modeled. In ther relatively simple forms of recombination.
absence of noise, Beyer [5] presented an analysis of the per- Of course, real-world optimization problems rarely involve
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linear objective functions, and in many practical situationslinear function. The quadratic sphere is a model for uncon-
non-isotropic mutations are required for an ES to perform satstrained optimization problems at a stage where the search
isfactorily. However, even though the dynamical systems anapopulation is already in relatively close vicinity to the opti-
lyzed in theory are much simpler than those typically encoun-mum.

tered in practical applications, theoretical analyses nonethe- Optimizing fitness functions as simple #s and f, can

less have importantimplications for practitioners as they havéoe difficult if there is noise present. In this paper, we as-
the potential to reveal important scaling laws that can shedume that exact fithess function values cannot be obtained,
new light on design decisions that practitioners frequentlybut that measuring fithness at search space locatigields a
face. Analytical considerations based on simple systems havealue that is normally distributed with medgiix) and with

led to prescriptions as useful as Rechenberg’s 1/5th succesariances?(x). The standard deviationm, (x) of the fitness
rule [10], the discovery of the genetic repair principle [6], and measurements is referred to as t@se strength For the

to recommendations regarding the introduction of a selectiorinear fitness function we assume that the noise strength is
threshold to improve the performance of the+ 1)-ES in independent ok. For the quadratic sphere we consider the
the presence of noise [8]. We therefore feel justified in con-case that the noise strength is proportiongf ). Such rel-
sidering the following relatively simple strategy and fitness ative errors of measurement are of great practical importance

environment. as they arise for example in connection with physical mea-
surement devices that are accurate up to a certain percentage
2.1 The (u, A)-ES of the quantity they measure.

Given a fitness functiorf : RY — IR, the(u, A)-ES at time
stept maintains a population gf candidate solutions ! €

RN ,i=1,...,u. Soas to obtain the population of céndidate The local performance of ES can be measured in search space
solutions at time step+ 1, A new candidate solutior;s;t) c or in the space of fithess values. The correspondmg perfor-
RN, j =1,..., ), are generated by times independently mance measures are tpmgre_ss ratand theexpected fltn_ess
icking one of thec®) and addina anutation vector ¥z gain (or quality gair), respectively. The progress rate is de-
picking ) @ 9 i fined as the expected change of the average distance to the
whereo () is a strategy parameter referred to asth@ation  optimum of the population at consecutive time steps. For fit-
strengthandz'") is an realization of a random vector with  ness functiory; that does not have an optimum it is defined
independent standard normally distributed components.  as the expected distance traveled in direction of the gradient
As indicated by the comma in(fi, \)” the population of  of the fitness function in a single time step. The expected fit-
candidate solutions at time step 1 consists of thosg ofthe  ness gain is the expected difference in average fitness of the
Anewly generated candidate solutions that score best in termsopulation of candidate solutions at consecutive time steps.
of the fithess function. A plus instead of the comma would
indicate that the union of the parental and the offspring canv\? Progress on the Linear Function
didate solutions is used as the pool to select the population o
the next time step from. Wherever possible without CaUSingjetermining the progress Of(a, /\)_ES on the plane defined
confusion, we will omit the time superscript in what follows. in Equation (1) really is a one-dimensional problem: changes
in directions orthogonal to the gradient directiomre with-
2.2 The Fitness Environments out influence on the fitness of the candidate solutions. There-
ore, without loss of relevant information, all candidate so-

In this paper, we examine two separate fitness functions, ]Ial ) ) ) X
pap b utions can be projected orthogonally onto a line defined by

2.3 Measuring Performance

linear function . .
parameter vectaa. The parental population of candidate so-
fi:RY S5 R lutions is described appropriately yreal numbers
fi (X) = aTX7 (1) a"x; .
Ti = 77 Z:]-:"',,Ufa
all

wherea € IR" is a parameter vector, and a spherically sym-
metric quadratic function that indicate the positions of the projections of theonto that
line. Analogously, the set of offspring candidate solutions is

. N
for R = R appropriately described by projected variables
f(x) =(x-%)"(x-%) ) .
_ay; -
that maps candidate solutianto the square of its Euclidean Yi = lla|| ’ J=1.5A

distance from the optimum &t In both cases, without loss of
generality the task at hand is minimization. In Section 5 we
will see that the progress law for the quadratic sphere can, for
high-dimensional search spaces, be derived from that for the
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Giventhe parentaigt) at time steg, the expected fitness gain wherepy,, denotes the probability density function of the
is the expected value of sample member with thieth highest perceived value aegﬁ
is an instance of the general progress coefficients
Z £i( Et 4 Z fi(x (t+1)

o, _ A —H <A> /Oo .’Lﬂ 7L+1z2
Cux = a+1
||a|| Z ) _ ||a|| Zx (t+1) V2r M/ —co .
[@(2)] " 1 - ®(2)]" “da

||a|| ) _ ||a|| (t) 3 introduced in [5] that can easily be obtained by numerical
Z Z Yisxo (3) integration. It follows that
wherek; A denotes the index of the offspring candidate solu- Z . e;ll,ox
tion with thekth highest perceived fithess. The progress rate = Yiix +02/(0? + D?)
¢ = Blal/lall d that according to Equation (4) th ted fit i
L 5 ) D2 =y (t)2 > and that according to Equation e expected fitness gain
et(z) =>;_,z; /pwand —1%i [n—(2) and the progress rate can be written as

denote the mean and the variance of the prOjected parent

population of candidate solutions at time stepAs muta- Vi + D2 Lo

tions are isotropic, the components in gradient direction of E[q] = ||al| =€,/ (6)
the mutations are normally distributed with mean zero and V1+02/(0*+ D?)

with variances2. Thus, the mean of the set of projected off- = |lalocy, A ()

spring candidate solutions {s) and its variance is 2 + D?.

Let us assume for the moment that the distribution of the pro-
jected offspring candidate solutions is normal. ok 1

this is true as in that cage? = 0 and variation is solely due

to mutations. In the general case, the distribution of the prorespectively. The progress coefficient in these relationships
jected offspring candidate solutions is not exactly normal, butcan be written as
the results for the progress rate and the expected fitness gain

and

Y= qu,)\(ﬁ),

1+I‘82 10

that can be derived under the assumption of normality turn cun(¥) = ——=5€, @)
; : : \/1+/<;2+192“
out to be quite accurate. For a discussion of the possibility of
aIIOWing for arbitrary distributions see Section 4. Wherenz — DZ/U andy = 0—6/0— will be referred to as the

Linear transformations preserve (or reverse) the order Obopulatlon variancand thenoise levelrespectively.
a sample of observations of a random variable. Instead of For, = 1 the population variance is, = 0 and Equa-

selecting offspring candidate solutiops that are normally  tion (7) contains results from [4, 11] as a special case. For
distributed with mealﬁm) and with VarlanC82 +D2 at noise 9 =0it agrees with a result from [5] Note that the popu-

strengthy. we can introduce normalized variables lation variances, remains as an unknown that is not deter-
() —y; mined easily. We will discuss an approach to computing it
y; = ——L, J=10A, in Section 4 and content ourselves here with showing that it
A /0—2 + DZ

appropriately captures essential properties of the population
that are standard normally distributed and that are selected @fistribution.

noise strengtlw. /v/o? + D2. It follows immediately from Figure 1 compares the progress coefficients computed us-
Equation (3) that the expected fitness gain of the strategy ifhg Equation (7) with empirical measurements. For the mea-
the expected value of surements, du, A)-ES was run at several noise levels with
" unit mutation strength on a linear function in one dimen-
q= ||a||\/ml Z Ui (4)  sion. The mean progress of the population was averaged over

40,000 generations to obtain estimates:pf\(¥). To ver-

ify the accuracy of the approach of assuming the population

distribution to be normal, in those same experiments the pop-

ulation variance was averaged and used as an estimate for

in Equation (7). In general, it can be seen that the agreement

tween the two types of curves is quite good. The deviations

%fe strongest for relatively high values;oés well as for non-

zero noise level in the range where the progress coefficients
1 0 are maximal.

— Z/ Tppx (z)de = \/ﬁ (5) It can also be seen from Figure 1 that in the presence
+ of noise much higher progress coefficients than those of the

wherek; A is the index of they’ with the kth highest per-
ceived value.

According to a result derived in [2], the expected aver-
age of thoseu of a sample of\ standard normally distributed
values that have the highest perceived values, where noise
strengthd is interfering in the selection process, is
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4 Population Variance

w

INd
n

The population variance; that appears in Equation (7) is a
quantity that is hard to determine analytically. It is a product
of the dynamical interaction between the, A\)-ES and the
fithess environment and is not the result of a single time step
only but of the entire evolution history. Note that in [4] &
1) it has been shown that — 1 is an upper bound for the
population variance that is attaineguif= A or if ¥ — oc.

An approach due to Beyer [5] attempts to find by de-
manding that the expected population variance after a time

N

[

progress coefficient,, »
_O -
[8)] [8)]

O 0 20 30 20 0 0 70 8 9 100 step equals the population variance before that time step. The
size of the parental populatign expected population variance after a time step is the expected
value of
Figure 1: Progress coefficients, »(¥) as a function of the u L 2
size of the parental populatign for the (u, \)-ES on the 1 Z - 1 th
plane withA = 100. The solid lines correspond to, from 1t — B

top to bottom, measurements for noise levkls- 0.0, 2.0, 1
and8.0. The dashed lines mark the corresponding data ob- =_ i _

tained by measuring the variance of the parental population ri= L
and using it in Equatior{7) to obtain the progress coeffi- k—1

cients. = ! > vin’— : Y viaviae (8)

k=1 'UQ k=2 l=1

(1, ))-ES can be achieved by choosipg> 1. For exam- Whereyj, is the normalized and projected position of the
ple, while the progress coefficient of thig, 100)-ES at noise o_ffsprlng candidate solution with theth highest perceived
level 8.0 is ¢1 100(8.0) ~ 0.31, that of the(22,100)-ES is  fitness.

¢22.100(8.0) ~ 0.87. That is, progress rate and expected fit- The expect_ed values of the sum and of the double sum can
ness gain are almost tripled by retaining more than just thé¢ computed in the same manner as the progress coefficient
seemingly best offspring candidate solution. Rechenberg [11in [2]- As the calculations are rather lengthy we can only
provides empirical evidence that at higher noise levels eveRresent the result here. Steps similar to those that have led to

greater speed up factors can be achieved. Equation (5) yield

Let us examine Equation (7) to determine the reason for 1t oo el
the speed up that can be achieved. We will see in Section 4 - Z/ L ppa(r)de =1+ : “’;2
that the population variance increases both with increasing P= /- +

size of the parental populatign and with increasing noise and
level ). Inltpe absence of noise we have the resplf (0) = pohel e
VT+#ze, ). When increasing the size of the parental popu- LZ 3 Z/ / syprn (2, y)dyde
lation 11, the increase iR/1 + k2 due to an increase in popu-  #° ;= 1= /-0 /-0
lation variances, is more than offset by the decreasezﬁﬁ 1 20
if A remains unchanged. The corresponding curve in Fig- T ,
ure 1 is monotonically decreasing. In the presence of noise, 2p 1467
however, not only are the population variances higher butwhere agairpy;, is the probability density function of the
also1/4/1+92/(1 + k,) appears as an additional factor in sample member with theth highest perceived value out of a
Equation (7). While forth¢l, \)-ESk, = 0 and the progress Sample ofA standard normally distributed values, and where
coefficient decreases withy /1 + 92, for u > 1 the noise  pxr;x is the joint probability density function of the member
level is moderated by the non-zero population variance in thevith the kth highest perceived value and that with thie
denominator under the square root. The strategy operates highest perceived value. It follows that
a noise-to-signal ratio of/ /1 + k5 as opposed to the noise- 1

- yz;)\2

1,1

2 ©

to-signal ratio ofi) that strategies that have all mutations orig- E =1+ 4 i
1+ 02/(o? + D?)

inate from a common parent operate at. As a consequence, for
non-zero noise, the curves in Figure 1 have a maximum at inynq
termediate values qgf. Optimal values of: are typically in

b k—1 2,0
the range from abowt. 1 to 0.3\. B 1 P R €\
2 2 2 Vi | = Tl Dy

(10)
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o (5]

(4]
population variance

population variance ,

0 10 20 30 40 50 60 70 80 90 100
size of the parental populatign noise levely

Figure 2: Population variance as a function of the size of Figure 3: Population variance as a function of the noise
the parental population for the (u, A)-ES on the plane with  levely on the plane. The solid lines correspond to, from bot-
A = 100. The solid lines correspond to, from bottom to top, tom to top, measurements fof& 10)-ES, a(9, 30)-ES, and
measurements for noise levels= 0.0, 2.0, and8.0. The a(30,100)-ES. The dashed lines mark the respective results
dashed lines mark the respective results from solving Equatrom solving Equatior{11) for the population variance.

tion (11) for the population variance.

series are related to the cumulants (the second of which is
The variance of the parenta} is D2. The variance of the the variance) of the distribution. It is then demanded that the
selected offspring ; is (02 + D?) times the mean of the quan- expected values of the cumulants after a time step agree with
tity from Equation (8). Demanding that the expected popula-their values before that time step. The approach has been pur-
tion variance after a time step equals the population varianceued for cumulants up to the third (the skewness of the dis-

before that time step thus means equating tribution) and has been found to work reasonably well in the
absence of noise. Even without noise, the calculations take
D? = (0 + D?) up many pages; in the presence of noise, they become even

L 4 kel more lengthy. Moreover, preliminary investigations suggest

E p=1 vi, A2 _ 2 Z Z AT that in the presence of noise, considering only cumulants up

G 1 I = to the third is not sufficient for obtaining a reasonably accu-

. _ . _ rate approximation of the population parameters. At least the
Using Equations (9) and (10) leads to the relationship fourth cumulant (related to the kurtosis of the distribution)
) has to be included into the analysis in addition. It would be

Ky = p-1 {1 + Ky — L"@)Q(ez& _ elljlx)] (11) desirable to use an algeb_raig manipulation system to largely

14+ ko + 90 ’ ' automate the process of finding the unknown cumulants, and

that can be solved fors. we are currently pursuing that approach.

Figure 2 shows the dependency of the population vari-
ancex» on the size of the parental populatiprior (11,100)- 9 Progresson the Sphere

ES at different noise levels, Figure 3 illustrates its dependenC}éor very high parameter space dimensigrthe behavior of

on the noise level for different population sizes. It can be seern)
that there are considerable deviations between measured vatlhe( #, A)-ES on the sphere defined in Equation (2) can be

ues for the population variance and those obtained from solv’ characterized in terms of the progress coefficients determined

ing Equation (11) fok . Generally, deviations seem to grow Eemeeg:ﬁvllzouusaigﬁn(ol?sonutﬂlzlekse t:eereSI(t:l;g[éor;so?ntgﬁerc):lt?gr?s
with increasing population variance. While predictions for q P 9

low noise levels and for small population sizes are quite accus other than the local gradient direction are not without influ-
ence. However, they contribute a term that with increading

rate, Equation (11) is of little value for high noise levels or if

. . tends to a constant.
1+ is too close to\. However, results from Equation (11) agree
with empirical measurements in that the population variance LAP L
increases both with increasing size of the parental populatloﬁ rogresstaw
and with increasing noise level. _ As mutations are isotropic and due to the spherical symmetry

The original approach pursued by Beyer [5] is more gen-of the fitness environment and the fact that there is no inter-

eral in the sense that it does not assume normality of the disaction between different candidate solutions (such as recom-
tribution of they . Instead, the unknown distribution is de- bination) other than through selection based on their fitness
veloped into a Gram-Charlier series. The coefficients in thayalues, the problem of determining the expected fitness gain
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or the progress rate on the sphere is again one-dimensional. 08 T T T T T

The state of the population of parental candidate solutions at —
any point in time is described appropriately pyreal num- =, 06F T
bersRk;,i = 1,... the respective distances of the candi- Ic% =y
v oo b P o8 o} .

date solutions; from the optimumk. 9 o

The fitness gai; associated with a mutation vectoz ; Q @ o2 L i
is the difference in fithess between the parental candidate so- & 8
lution x; from which the mutation originates and that of the 3 & o
offspring candidate solution; = x;+o0z;. Asin[1, 2,4, 11] g 2
we decompose mutation vectors into a componentin direction £ © 02t T
of the local gradient and a perpendicular component. The ® s . . .
length of the perpendicular component is for lafgevirtu- "o 05 1 15 2 25 3
ally independent of the particular mutation vector and con- mutation strengtlr*

tributes a term—Ng? to the fitness advantage. The com-
ponent in direction of the local gradient contributes a term
—207}(x; — X). As mutations are isotropia,; (x; — X) is
normally distributed with mean zero and variadeg, where

R; = ||x; — x||. Therefore, the fitness gain associated with
mutations applied to parert; is normally distributed with
mean—N¢? and with standard deviatidv R;;.

Let

Figure 4: Expected normalized fitness gditiq*] and nor-
malized progress ratg* as functions of normalized muta-
tion strengtho* for a (3,10)-ES on the quadratic sphere at,
from top to bottom, normalized noise strengths = 0.0,
2.0, and4.0. The solid lines mark results from Equatiti®),
the dots & : progress rate}-: expected fitness gain) data from
real ES runs with search space dimensioge- 40.

Iz Iz
R= L ZRZ' and D? = 1 ZR? - R? wherey = ¢ /c* and the progress coefficiea} , was de-
i=1 P fined in Equation (7). Introducing the normalized progress

. ratep* = N ith slightly more effort it can be shown
denote mean and variance of the parefal We make the v PN/ R wi 'ghtly ! W

. . . thatp* = E[q*].
assumption thakz > D, i.e. that the distance from the op- 14 y

. - ) Figure 4 shows the dependency of the expected normal-
timum far exceeds the standard deviation of the pODUIat'Or.]Ized fitness gain and of the normalized progress rate on the

This is usually the case unless the parameter space dimens'%rmalized mutation strength for 8, 10)-ES on the noisy

is too small or the population Size 1S too _Iarge. It_then S€eM3 uadratic sphere at different normalized noise strengths. The
reasonable to assume that the fithess gain associated with si

. ) . . ots mark the results from ES runs in a 40-dimensional search
gle mutations is normally distributed with meanVo?2 and

. o ) space. The lines represent the approximation Equation (12
with standard deviatioRo R independently of the parental P P PP 9 (12)

) . . X i with measured progress coefficients. The agreement is quite
qandldate solutions to Wh'Ch they are a_pplled. T_hat 1S, thegood, but slightly deteriorates with increasing noise strength.
fitness advantage associated with mutation veetgris

Generally, the quality of the approximation improves with in-
¢; = 20Ry} — No?, creasing search space dimension.

wherey; is standard normally distributed. The fitness gain5.2 Comparing Efficiencies

— K i T H
q '?h Xﬂ;]kZI q’“?f?/ p1S the a\ét_adra?e f|tr|1(-3t_ss adv:?lt?]t?gdqussoc?ateﬂet us define thefficiencyof an evolution strategy as the ex-
Wi ose offspring candidate solutions with thenighes pected normalized fitness gain per fitness function evaluation

perceived_ value§ ;- .The situat_ion thus closely pqrallels .in case of optimally adapted mutation strength. That is, the
that considered in Section 3, and in analogy to Equation (6) 'tefficiency is defined as

follows

1 .
K2 ’

with k2 = D?/46%>R? andd = o./20R. Introducing nor-
malized quantities

As expected normalized fitness gain and normalized progress
rate agree, we could as well have defined the efficiency via
the progress rate instead of the expected fitness gain.

N N N As the progress coefficients, »(¢) can be determined
o= Uﬁa o; UeQ—Rza and ¢* = q2—R2 in computer simulations in one dimension only, they can be
computed in great numbers and with satisfactory accuracy.
the expected normalized fitness gain can be written as Equation (12) can then be used to numerically determine op-
2 timal population sizes and maximal efficiencies that can be

El¢*] = cur(9)o* — g (12)  achieved. Figure 5 shows the optimal number of oﬁsprj\ng

2 Y
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for the (i, A)-ES and thg1, \)-ES agree. Above this noise

? i strength the efficiency of thig:, \)-ES can far exceed that of
=3 the (1, \)-ES.
s i It is furthermore of interest to compare the performance of
5 8 the(u, A)-ES with that of thé /11, A)-ES that uses interme-
o} 4 diate multirecombination. The efficiency of the latter strategy
g on the noisy sphere in a sufficiently high-dimensional search
2 w1} space was found in [2] to be
© i 2
E ] 1 [0# o } a4
8_ UITYITTRN 2\ \/1_'_—192 79N 24

noise strengta” Comparing this with the efficiency

. . . .2 1 1 + Ko 1.0 0'*2
Figure 5: Optimal number of offspring per generationas = |0 —e¢ ", — — 15
g P pring per g A = 3| A T 3 (15)

a function of normalized noise strengiti. The solid line

represents results for thig, \)-ES, the dots for th@u, \)-ES o the (4, A)-ES makes clear that the two strategies incor-
with optimally chosen.. The straight dashed line is a least- porate two rather different approaches to coping with noise.

squares fit to the data points for tte \)-ES. The (11/ 11, A)-ES benefits from genetic repair that reduces
the negative term in the efficiency law by virtue of the factor
0.25 T T T 1 in the denominator. As a consequence, the strategy can be

run at higher mutation strengths that result in a reduced noise-
1 to-signal ratio. Theu, A)-ES on the other hand reduces the
noise-to-signal ratio by means of a non-zero population vari-
. ance that adds to the effect of mutations.

It is difficult to compare the relative significance of the

N two effects. As of today, there is no simple analytical ex-
pression for the population variangg. Moreover, in prac-
tical problems, the finite parameter space dimengionan
have a decisive influence on the performance of the strategies

efficiencyn

e and render Equations (14) and (15) highly inaccurate. At first
. 4 . 6 8 sight the benefits from genetic repair seem to be stronger than
noise strengtia; those of a non-zero population variance. However, this is not

true if a mutation strength adaptation scheme suchwtative
self-adaptatiofl 2] that cannot take full advantage of genetic
repair is employed. Especially in that case, strategies like the
(1/2,A)-ES in which only two parents participate in recom-
bination leading to an offspring candidate solution and that
lead to a non-zero population variance while making limited

as a function of the normalized noise strength for(hg\)-  use of genetic repair may well be the best.

ES as well as for thél, \)-ES. It can be seen that, except

for rather small noise strengths, the, A\)-ES ideally oper- 6 Summary and Outlook

ates with many fewer offspring candidate solutions than the

(1, \)-ES. The relationship between the optimal number of The expected fitness gain of tfye, A)-ES on the noisy plane

offspring candidate solutions of tHgi, \)-ES and the nor- has been investigated. It was possible to give a simple prog-

malized noise strength appears to be nearly linear. ress law that can serve as an intuitively appealing explanation
Figure 6 compares the efficiency of the \)-ES with op-  for the speed-up that can be achieved by retaiping1 can-

timally chosen population size parametgrand\ with those  didate solutions, but that unfortunately contains the popula-

of the (1, \)-ES with optimally chosen and of the(1 + 1)- tion variancex, as an unknown. Determining howy scales

ES. The efficiency of thél + 1)-ES has been determined With the population size and the noise level is a difficult prob-

in [1]. It exceeds the performance of the other two strate-lem for which an easy answer may not exist. An empirical

gies only up to a normalized noise strengthrgf~ 1.0 and investigation of the population variance has shown that it in-

is markedly inferior for higher noise strengths. Up to a nor- creases with both population size and noise level.

malized noise strength of abouf ~ 1.4 it is not useful to Subsequently, it has been demonstrated that the progress

retain more than a single candidate solution and the curvegoefficients obtained on the plane can be used in a reasonably
exact approximation to the performance of thge)\)-ES on

Figure 6: Efficiencyn as a function of normalized noise
strengthr*. The solid line corresponds to thie+ 1)-ES, the
dashed line to thél, \)-ES with optimally chosen, and the
dotted line to théu, \)-ES with optimally chosep and).
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the quadratic sphere. The performance of (he\)-ES has
been compared with those of tfie+ 1)-ES and of the€1, \)-
ES. It has been found that t{g, \)-ES ideally uses much
smaller population sizes than thig, \)-ES, and that above a
certain noise level both thg + 1)-ES and th€1, \)-ES are
outperformed.

Future research will focus on finding a more accurate ap-
proximation for the population variance than that afforded by
Equation (11). The approach pursued in [5] may be a starting
point.
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