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Abstract-
While in the absence of noise no improvement in local

performance can be gained from retaining but the best
candidate solution found so far, it has been shown exper-
imentally that, in the presence of noise, operating with a
non-trivial population of candidate solutions can have a
marked and positive effect on the local performance of
evolution strategies (ES). In this paper, we attempt to shed
some light on the reasons for the potential performance
improvement. In particular, we derive a progress law for
the ��� ��-ES on a noisy linear fitness function and both
numerically and empirically study its implications. We
then discuss the significance of the progress coefficients
that have been obtained on the linear function for the
quadratic sphere. Comparisons of the local performance
of the ��� ��-ES and of the �� � ��-ES and the ��� ��-ES
are presented.

1 Introduction

Evolution strategies (ES) are nature-inspired search heuristics
that iteratively apply operators of variation and selection to
a population of candidate solutions to an optimization prob-
lem. There is evidence that such strategies are particularly
effective and superior to many other common optimization
schemes in the case that the objective function – in what fol-
lows referred to asfitness function– is disturbed by noise.
Nissen and Propach [9] present empirical evidence that sug-
gests that it is the use of a non-trivial population of candidate
solutions that is responsible for the relative effectiveness of
evolution strategies in the presence of noise.

In a number of papers, the local performance of the�� ��
��-ES [1, 4] as well as of the����� � ��-ES [2, 3] have been
studied in noisy, spherically symmetric fitness environments.
In both cases, the analysis was simplified because there was
no need to consider a non-trivial population of candidate so-
lutions. For the�� �� ��-ES this is immediately obvious. For
the����� � ��-ES it is due to the fact that recombination in ev-
ery time step computes the centroid of the parental population
as the common starting point for all mutations.

The ��� ��-ES does not utilize recombination. If� � �
its performance is considerably harder to analyze than that
of the strategies that work on a trivial population of candi-
date solutions. It is not possible to consider single genera-
tions only. Instead, the population of candidate solutions that
emerges in the course of evolution has to be modeled. In the
absence of noise, Beyer [5] presented an analysis of the per-

formance of the��� ��-ES for spherically symmetric fitness
function. A main result of his analysis, which was also stated
by Rechenberg [11], is the observation that on the noise-free
sphere the performance of the��� ��-ES is never superior to
that of the (�� ��-ES, and thus no benefits can be gained from
retaining any but the best candidate solution generated. How-
ever, Rechenberg [11] also provides empirical evidence that
this is not true in the presence of noise. Simple numerical
computer experiments can be used to demonstrate that in the
very same fitness environment, significant speed-up factors
over the��� ��-ES can be achieved by retaining more than
just the (seemingly) best candidate solution if there is noise
present.

In the present paper, we attempt to both shed some light on
the reasons for the speed-up that can be achieved and to better
understand its significance. For that purpose, in Section 2 we
describe briefly the��� ��-ES and outline and motivate the
fitness environments for which its performance is analyzed.
Local performance measures are introduced. In Section 3 a
progress law for the��� ��-ES in a linear fitness environment
is derived that offers an intuitively appealing explanation for
the speed-up. The population variance that appears as an im-
portant term in that progress law is studied empirically in Sec-
tion 4. An attempt to obtain an analytical expression for the
population variance based on a normal approximation proves
to be rather inaccurate. In Section 5 we reduce the prob-
lem of obtaining a progress law for a spherically symmetric
quadratic fitness function in high-dimensional search spaces
to that of the linear fitness environment. Subsequently, the
performance of the��� ��-ES is compared with those of the
�� � ��-ES and of the��� ��-ES. The benefits of maintaining
a non-trivial population of candidate solutions are compared
with those stemming from recombination. Finally, Section 6
concludes with a brief summary of the main results and with
directions for future research.

2 Preliminaries

Evolution strategies together with fitness functions form iter-
ated dynamical systems. The behavior of such systems is im-
possible to characterize analytically unless simplifying con-
ditions regarding the strategies and/or the fitness environment
hold true. Examples of such simplifying conditions are the
assumption of linear or quadratic fitness functions, very high
search space dimensionality, or the use of isotropic mutations
or relatively simple forms of recombination.

Of course, real-world optimization problems rarely involve
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linear objective functions, and in many practical situations
non-isotropic mutations are required for an ES to perform sat-
isfactorily. However, even though the dynamical systems ana-
lyzed in theory are much simpler than those typically encoun-
tered in practical applications, theoretical analyses nonethe-
less have important implications for practitioners as they have
the potential to reveal important scaling laws that can shed
new light on design decisions that practitioners frequently
face. Analytical considerations based on simple systems have
led to prescriptions as useful as Rechenberg’s 1/5th success
rule [10], the discovery of the genetic repair principle [6], and
to recommendations regarding the introduction of a selection
threshold to improve the performance of the�� � ��-ES in
the presence of noise [8]. We therefore feel justified in con-
sidering the following relatively simple strategy and fitness
environment.

2.1 The ��� ��-ES

Given a fitness function� � ��� � ��, the��� ��-ES at time

step	 maintains a population of� candidate solutions� ���
� �

��� , 
 � �� � � � � �. So as to obtain the population of candidate
solutions at time step	��, � new candidate solutions����

� �
��� , � � �� � � � � �, are generated by� times independently
picking one of the����

� and adding amutation vector
 ����
���
� ,

where
��� is a strategy parameter referred to as themutation
strengthand����� is an realization of a random vector with�
independent standard normally distributed components.

As indicated by the comma in “��� ��” the population of
candidate solutions at time step	�� consists of those� of the
� newly generated candidate solutions that score best in terms
of the fitness function. A plus instead of the comma would
indicate that the union of the parental and the offspring can-
didate solutions is used as the pool to select the population of
the next time step from. Wherever possible without causing
confusion, we will omit the time superscript in what follows.

2.2 The Fitness Environments

In this paper, we examine two separate fitness functions, a
linear function

�� � ��
� � ��

����� � ���� (1)

where� � ��� is a parameter vector, and a spherically sym-
metric quadratic function

�� � ��
� � ��

����� � �� � ������� ��� (2)

that maps candidate solution� to the square of its Euclidean
distance from the optimum at��. In both cases, without loss of
generality the task at hand is minimization. In Section 5 we
will see that the progress law for the quadratic sphere can, for
high-dimensional search spaces, be derived from that for the

linear function. The quadratic sphere is a model for uncon-
strained optimization problems at a stage where the search
population is already in relatively close vicinity to the opti-
mum.

Optimizing fitness functions as simple as�� and�� can
be difficult if there is noise present. In this paper, we as-
sume that exact fitness function values cannot be obtained,
but that measuring fitness at search space location� yields a
value that is normally distributed with mean���� and with
variance
�� ���. The standard deviation
���� of the fitness
measurements is referred to as thenoise strength. For the
linear fitness function we assume that the noise strength is
independent of�. For the quadratic sphere we consider the
case that the noise strength is proportional to����. Such rel-
ative errors of measurement are of great practical importance
as they arise for example in connection with physical mea-
surement devices that are accurate up to a certain percentage
of the quantity they measure.

2.3 Measuring Performance

The local performance of ES can be measured in search space
or in the space of fitness values. The corresponding perfor-
mance measures are theprogress rateand theexpected fitness
gain (or quality gain), respectively. The progress rate is de-
fined as the expected change of the average distance to the
optimum of the population at consecutive time steps. For fit-
ness function�� that does not have an optimum it is defined
as the expected distance traveled in direction of the gradient
of the fitness function in a single time step. The expected fit-
ness gain is the expected difference in average fitness of the
population of candidate solutions at consecutive time steps.

3 Progress on the Linear Function

Determining the progress of a��� ��-ES on the plane defined
in Equation (1) really is a one-dimensional problem: changes
in directions orthogonal to the gradient direction� are with-
out influence on the fitness of the candidate solutions. There-
fore, without loss of relevant information, all candidate so-
lutions can be projected orthogonally onto a line defined by
parameter vector�. The parental population of candidate so-
lutions is described appropriately by� real numbers

�� �
����

��� � 
 � �� � � � � ��

that indicate the positions of the projections of the� � onto that
line. Analogously, the set of offspring candidate solutions is
appropriately described by projected variables

�� �
����

��� � � � �� � � � � ��
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Given the parental����� at time step	, the expected fitness gain
is the expected value of

� �
�

�

��
���

����
���
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� �

�
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�
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�
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�

��
���

�
���
� � ���

�

��
���

�
���
��	� (3)

where��� denotes the index of the offspring candidate solu-
tion with the�th highest perceived fitness. The progress rate
is � � �	�
����.

Let ��� � ��
��� �

���
� �� and�� �

��
��� �

���
�

�
�� � ����

denote the mean and the variance of the projected parental
population of candidate solutions at time step	. As muta-
tions are isotropic, the components in gradient direction of
the mutations are normally distributed with mean zero and
with variance
�. Thus, the mean of the set of projected off-
spring candidate solutions is��� and its variance is
� ���.
Let us assume for the moment that the distribution of the pro-
jected offspring candidate solutions is normal. For� � �
this is true as in that case�� � � and variation is solely due
to mutations. In the general case, the distribution of the pro-
jected offspring candidate solutions is not exactly normal, but
the results for the progress rate and the expected fitness gain
that can be derived under the assumption of normality turn
out to be quite accurate. For a discussion of the possibility of
allowing for arbitrary distributions see Section 4.

Linear transformations preserve (or reverse) the order of
a sample of observations of a random variable. Instead of
selecting offspring candidate solutions�� that are normally
distributed with mean��� and with variance
���� at noise
strength
� we can introduce normalized variables

��� �
��� � ��	

� ���

� � � �� � � � � ��

that are standard normally distributed and that are selected at
noise strength
��

	

� ���. It follows immediately from

Equation (3) that the expected fitness gain of the strategy is
the expected value of

� � ���
�

� ���

�

�

��
���

����	� (4)

where��� is the index of the��� with the �th highest per-
ceived value.

According to a result derived in [2], the expected aver-
age of those� of a sample of� standard normally distributed
values that have the highest perceived values, where noise of
strength� is interfering in the selection process, is

�

�

��
���

�
�

��

����	����� �
��
��
		
� � ��

� (5)

where���	 denotes the probability density function of the
sample member with the�th highest perceived value and��
��
	

is an instance of the general progress coefficients

��
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introduced in [5] that can easily be obtained by numerical
integration. It follows that

�

�
�

�

��
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����	

�
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��
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	�
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�� ��


� ����

and that according to Equation (4) the expected fitness gain
and the progress rate can be written as

�	�
 � ���
	

� ����

� � 
�� ��

� ����

��
��
	 (6)

� ���
��
	���
and

� � 
��
	����

respectively. The progress coefficient in these relationships
can be written as

��
	��� �
� � ��	

� � �� � ��
��
��
	� (7)

where�� � ���
� and� � 
��
 will be referred to as the
population varianceand thenoise level, respectively.

For � � � the population variance is�� � � and Equa-
tion (7) contains results from [4, 11] as a special case. For
� � � it agrees with a result from [5]. Note that the popu-
lation variance�� remains as an unknown that is not deter-
mined easily. We will discuss an approach to computing it
in Section 4 and content ourselves here with showing that it
appropriately captures essential properties of the population
distribution.

Figure 1 compares the progress coefficients computed us-
ing Equation (7) with empirical measurements. For the mea-
surements, a��� ��-ES was run at several noise levels with
unit mutation strength on a linear function in one dimen-
sion. The mean progress of the population was averaged over
40,000 generations to obtain estimates of��
	���. To ver-
ify the accuracy of the approach of assuming the population
distribution to be normal, in those same experiments the pop-
ulation variance was averaged and used as an estimate for��

in Equation (7). In general, it can be seen that the agreement
between the two types of curves is quite good. The deviations
are strongest for relatively high values of� as well as for non-
zero noise level in the range where the progress coefficients
are maximal.

It can also be seen from Figure 1 that in the presence
of noise much higher progress coefficients than those of the
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Figure 1: Progress coefficients��
	��� as a function of the
size of the parental population� for the ��� ��-ES on the
plane with� � ���. The solid lines correspond to, from
top to bottom, measurements for noise levels� � ���, 
��,
and���. The dashed lines mark the corresponding data ob-
tained by measuring the variance of the parental population
and using it in Equation(7) to obtain the progress coeffi-
cients.

��� ��-ES can be achieved by choosing� � �. For exam-
ple, while the progress coefficient of the��� ����-ES at noise
level ��� is ��
�������� 
 ����, that of the�

� ����-ES is
���
�������� 
 ����. That is, progress rate and expected fit-
ness gain are almost tripled by retaining more than just the
seemingly best offspring candidate solution. Rechenberg [11]
provides empirical evidence that at higher noise levels even
greater speed up factors can be achieved.

Let us examine Equation (7) to determine the reason for
the speed up that can be achieved. We will see in Section 4
that the population variance increases both with increasing
size of the parental population� and with increasing noise
level�. In the absence of noise we have the result��
	��� �	
� � ���

�
�
�
	. When increasing the size of the parental popu-

lation�, the increase in
	
� � �� due to an increase in popu-

lation variance�� is more than offset by the decrease in��
��
	

if � remains unchanged. The corresponding curve in Fig-
ure 1 is monotonically decreasing. In the presence of noise,
however, not only are the population variances higher but
also��

�
� � ����� � ��� appears as an additional factor in

Equation (7). While for the��� ��-ES�� � � and the progress
coefficient decreases with��

	
� � ��, for � � � the noise

level is moderated by the non-zero population variance in the
denominator under the square root. The strategy operates at
a noise-to-signal ratio of��

	
� � �� as opposed to the noise-

to-signal ratio of� that strategies that have all mutations orig-
inate from a common parent operate at. As a consequence, for
non-zero noise, the curves in Figure 1 have a maximum at in-
termediate values of�. Optimal values of� are typically in
the range from about���� to ����.

4 Population Variance

The population variance�� that appears in Equation (7) is a
quantity that is hard to determine analytically. It is a product
of the dynamical interaction between the��� ��-ES and the
fitness environment and is not the result of a single time step
only but of the entire evolution history. Note that in [7] (
 �
�) it has been shown that� � � is an upper bound for the
population variance that is attained if� � � or if ���.

An approach due to Beyer [5] attempts to find�� by de-
manding that the expected population variance after a time
step equals the population variance before that time step. The
expected population variance after a time step is the expected
value of

�

�

��
���
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���

����	
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��	
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��
���

����	
� � 


��

��
���

����
���

����	�
�

��	� (8)

where����	 is the normalized and projected position of the
offspring candidate solution with the�th highest perceived
fitness.

The expected values of the sum and of the double sum can
be computed in the same manner as the progress coefficient
in [2]. As the calculations are rather lengthy we can only
present the result here. Steps similar to those that have led to
Equation (5) yield

�

�
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���

�
�

��

�����	����� � � �
��
��
	

� � ��

and

�

��

��
���

����
���

�
�

��

�
�

��

������	��� ������

�
�� �


�

��
��
	

� � ��
�

where again���	 is the probability density function of the
sample member with the�th highest perceived value out of a
sample of� standard normally distributed values, and where
����	 is the joint probability density function of the member
with the �th highest perceived value and that with the�th
highest perceived value. It follows that

�

�
�

�

��
���

����	
�

�
� � �

��
��
	

� � 
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� ����

(9)

and
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(10)
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Figure 2:Population variance�� as a function of the size of
the parental population� for the��� ��-ES on the plane with
� � ���. The solid lines correspond to, from bottom to top,
measurements for noise levels� � ���, 
��, and���. The
dashed lines mark the respective results from solving Equa-
tion (11) for the population variance.

The variance of the parental�� is��. The variance of the
selected offspring�� is �
����� times the mean of the quan-
tity from Equation (8). Demanding that the expected popula-
tion variance after a time step equals the population variance
before that time step thus means equating

�� � �
� ����

�

�
�� �

��

��
���

����	
� � 


��

��
���

����
���

����	�
�

��	

�
�

Using Equations (9) and (10) leads to the relationship

�� �
�� �

�

�
� � �� � �� � ���

�

� � �� � ��
���
��
	 � ��
��
	�

�
(11)

that can be solved for��.
Figure 2 shows the dependency of the population vari-

ance�� on the size of the parental population� for ��� ����-
ES at different noise levels, Figure 3 illustrates its dependency
on the noise level for different population sizes. It can be seen
that there are considerable deviations between measured val-
ues for the population variance and those obtained from solv-
ing Equation (11) for��. Generally, deviations seem to grow
with increasing population variance. While predictions for
low noise levels and for small population sizes are quite accu-
rate, Equation (11) is of little value for high noise levels or if
� is too close to�. However, results from Equation (11) agree
with empirical measurements in that the population variance
increases both with increasing size of the parental population
and with increasing noise level.

The original approach pursued by Beyer [5] is more gen-
eral in the sense that it does not assume normality of the dis-
tribution of the��� . Instead, the unknown distribution is de-
veloped into a Gram-Charlier series. The coefficients in that
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Figure 3: Population variance�� as a function of the noise
level� on the plane. The solid lines correspond to, from bot-
tom to top, measurements for a��� ���-ES, a��� ���-ES, and
a ���� ����-ES. The dashed lines mark the respective results
from solving Equation(11) for the population variance.

series are related to the cumulants (the second of which is
the variance) of the distribution. It is then demanded that the
expected values of the cumulants after a time step agree with
their values before that time step. The approach has been pur-
sued for cumulants up to the third (the skewness of the dis-
tribution) and has been found to work reasonably well in the
absence of noise. Even without noise, the calculations take
up many pages; in the presence of noise, they become even
more lengthy. Moreover, preliminary investigations suggest
that in the presence of noise, considering only cumulants up
to the third is not sufficient for obtaining a reasonably accu-
rate approximation of the population parameters. At least the
fourth cumulant (related to the kurtosis of the distribution)
has to be included into the analysis in addition. It would be
desirable to use an algebraic manipulation system to largely
automate the process of finding the unknown cumulants, and
we are currently pursuing that approach.

5 Progress on the Sphere

For very high parameter space dimension� the behavior of
the ��� ��-ES on the sphere defined in Equation (2) can be
characterized in terms of the progress coefficients determined
in the previous sections. Unlike the situation on the plane
defined in Equation (1), on the sphere changes in directions
other than the local gradient direction are not without influ-
ence. However, they contribute a term that with increasing�
tends to a constant.

5.1 A Progress Law

As mutations are isotropic and due to the spherical symmetry
of the fitness environment and the fact that there is no inter-
action between different candidate solutions (such as recom-
bination) other than through selection based on their fitness
values, the problem of determining the expected fitness gain
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or the progress rate on the sphere is again one-dimensional.
The state of the population of parental candidate solutions at
any point in time is described appropriately by� real num-
bers��, 
 � �� � � � � �, the respective distances of the candi-
date solutions�� from the optimum��.

The fitness gain�� associated with a mutation vector
��
is the difference in fitness between the parental candidate so-
lution �� from which the mutation originates and that of the
offspring candidate solution�� � ���
�� . As in [1, 2, 4, 11]
we decompose mutation vectors into a component in direction
of the local gradient and a perpendicular component. The
length of the perpendicular component is for large� virtu-
ally independent of the particular mutation vector and con-
tributes a term��
� to the fitness advantage. The com-
ponent in direction of the local gradient contributes a term
�

��� ��� � ���. As mutations are isotropic,��� ��� � ��� is
normally distributed with mean zero and variance� �

� , where
�� � ��� � ���. Therefore, the fitness gain associated with
mutations applied to parent�� is normally distributed with
mean��
� and with standard deviation

��.

Let

� �
�

�

��
���

�� and �� �
�

�

��
���

��
� ���

denote mean and variance of the parental� �. We make the
assumption that� � �, i.e. that the distance from the op-
timum far exceeds the standard deviation of the population.
This is usually the case unless the parameter space dimension
is too small or the population size is too large. It then seems
reasonable to assume that the fitness gain associated with sin-
gle mutations is normally distributed with mean��
 � and
with standard deviation

� independently of the parental
candidate solutions to which they are applied. That is, the
fitness advantage associated with mutation vector
�� is

�� � 

���� ��
��

where��� is standard normally distributed. The fitness gain
� �

��
��� ���	�� is the average fitness advantage associated

with those offspring candidate solutions with the� highest
perceived values of��� . The situation thus closely parallels
that considered in Section 3, and in analogy to Equation (6) it
follows

�	�
 � 

�
� � ��	

� � �� � ��
��
��
	 ��
�

with �� � ����
��� and� � 
��

�. Introducing nor-
malized quantities
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�� � 
�

�


��
� and �� � �

�


��

the expected normalized fitness gain can be written as

�	��
 � ��
	���

� � 
��



� (12)
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Figure 4: Expected normalized fitness gain�	��
 and nor-
malized progress rate�� as functions of normalized muta-
tion strength
� for a ��� ���-ES on the quadratic sphere at,
from top to bottom, normalized noise strengths
 �� � ���,

��, and���. The solid lines mark results from Equation(12),
the dots (
: progress rate;�: expected fitness gain) data from
real ES runs with search space dimension� � ��.

where� � 
�� �

� and the progress coefficient��
	 was de-

fined in Equation (7). Introducing the normalized progress
rate�� � ���� with slightly more effort it can be shown
that�� � �	��
.

Figure 4 shows the dependency of the expected normal-
ized fitness gain and of the normalized progress rate on the
normalized mutation strength for a��� ���-ES on the noisy
quadratic sphere at different normalized noise strengths. The
dots mark the results from ES runs in a 40-dimensional search
space. The lines represent the approximation Equation (12)
with measured progress coefficients. The agreement is quite
good, but slightly deteriorates with increasing noise strength.
Generally, the quality of the approximation improves with in-
creasing search space dimension.

5.2 Comparing Efficiencies

Let us define theefficiencyof an evolution strategy as the ex-
pected normalized fitness gain per fitness function evaluation
in case of optimally adapted mutation strength. That is, the
efficiency is defined as

� �
�

�
���
��

	�	��

 � (13)

As expected normalized fitness gain and normalized progress
rate agree, we could as well have defined the efficiency via
the progress rate instead of the expected fitness gain.

As the progress coefficients��
	��� can be determined
in computer simulations in one dimension only, they can be
computed in great numbers and with satisfactory accuracy.
Equation (12) can then be used to numerically determine op-
timal population sizes and maximal efficiencies that can be
achieved. Figure 5 shows the optimal number of offspring��
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Figure 5: Optimal number of offspring per generation�� as
a function of normalized noise strength
 �� . The solid line
represents results for the��� ��-ES, the dots for the��� ��-ES
with optimally chosen�. The straight dashed line is a least-
squares fit to the data points for the��� ��-ES.
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Figure 6: Efficiency � as a function of normalized noise
strength
�� . The solid line corresponds to the�����-ES, the
dashed line to the��� ��-ES with optimally chosen�, and the
dotted line to the��� ��-ES with optimally chosen� and�.

as a function of the normalized noise strength for the��� ��-
ES as well as for the��� ��-ES. It can be seen that, except
for rather small noise strengths, the��� ��-ES ideally oper-
ates with many fewer offspring candidate solutions than the
��� ��-ES. The relationship between the optimal number of
offspring candidate solutions of the��� ��-ES and the nor-
malized noise strength appears to be nearly linear.

Figure 6 compares the efficiency of the��� ��-ES with op-
timally chosen population size parameters� and� with those
of the��� ��-ES with optimally chosen� and of the�� � ��-
ES. The efficiency of the�� � ��-ES has been determined
in [1]. It exceeds the performance of the other two strate-
gies only up to a normalized noise strength of
 �� 
 ��� and
is markedly inferior for higher noise strengths. Up to a nor-
malized noise strength of about
�� 
 ��� it is not useful to
retain more than a single candidate solution and the curves

for the ��� ��-ES and the��� ��-ES agree. Above this noise
strength the efficiency of the��� ��-ES can far exceed that of
the��� ��-ES.

It is furthermore of interest to compare the performance of
the��� ��-ES with that of the����� � ��-ES that uses interme-
diate multirecombination. The efficiency of the latter strategy
on the noisy sphere in a sufficiently high-dimensional search
space was found in [2] to be

����� 
	 �
�

�

�

�

�	
� � ��

��
��
	 �

��


�

�
(14)

Comparing this with the efficiency
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� � ��	
� � �� � ��
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��




�
(15)

of the ��� ��-ES makes clear that the two strategies incor-
porate two rather different approaches to coping with noise.
The ����� � ��-ES benefits from genetic repair that reduces
the negative term in the efficiency law by virtue of the factor
� in the denominator. As a consequence, the strategy can be
run at higher mutation strengths that result in a reduced noise-
to-signal ratio. The��� ��-ES on the other hand reduces the
noise-to-signal ratio by means of a non-zero population vari-
ance that adds to the effect of mutations.

It is difficult to compare the relative significance of the
two effects. As of today, there is no simple analytical ex-
pression for the population variance��. Moreover, in prac-
tical problems, the finite parameter space dimension� can
have a decisive influence on the performance of the strategies
and render Equations (14) and (15) highly inaccurate. At first
sight the benefits from genetic repair seem to be stronger than
those of a non-zero population variance. However, this is not
true if a mutation strength adaptation scheme such asmutative
self-adaptation[12] that cannot take full advantage of genetic
repair is employed. Especially in that case, strategies like the
���
� ��-ES in which only two parents participate in recom-
bination leading to an offspring candidate solution and that
lead to a non-zero population variance while making limited
use of genetic repair may well be the best.

6 Summary and Outlook

The expected fitness gain of the��� ��-ES on the noisy plane
has been investigated. It was possible to give a simple prog-
ress law that can serve as an intuitively appealing explanation
for the speed-up that can be achieved by retaining� � � can-
didate solutions, but that unfortunately contains the popula-
tion variance�� as an unknown. Determining how�� scales
with the population size and the noise level is a difficult prob-
lem for which an easy answer may not exist. An empirical
investigation of the population variance has shown that it in-
creases with both population size and noise level.

Subsequently, it has been demonstrated that the progress
coefficients obtained on the plane can be used in a reasonably
exact approximation to the performance of the��� ��-ES on
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the quadratic sphere. The performance of the��� ��-ES has
been compared with those of the�����-ES and of the��� ��-
ES. It has been found that the��� ��-ES ideally uses much
smaller population sizes than the��� ��-ES, and that above a
certain noise level both the�� � ��-ES and the��� ��-ES are
outperformed.

Future research will focus on finding a more accurate ap-
proximation for the population variance than that afforded by
Equation (11). The approach pursued in [5] may be a starting
point.
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