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Abstract. This paper discusses the calculation of bend minimal shapes
for non-planar graphs with given topology. Based on the Simple-Kandins-
ky drawing standard — a simplification of the more complex Kandinsky
standard — we show the disadvantage of using standard models for this
task: We show that the minimal bend count is suboptimal, when these
models are applied to non-planar graphs; it is therefore beneficial to
extend these standards.

We define such an extension for Simple-Kandinsky called SKANPAG (Sim-
ple-Kandinsky for Non-Planar Graphs). It treats edge crossings in a spe-
cial way by letting them share identical grid points where appropriate.
Hence it allows crossings of whole bundles of edges instead of single edges
only. Besides having a reduced number of bends, drawings following this
standard are easier to read and consume less area than those produced
by the traditional approaches.

In this paper, we show a sharp upper bound of the bend count, if the stan-
dard Simple-Kandinsky model is used to calculate shapes for non-planar
graphs. Furthermore, we present an algorithm that computes provably
bend-minimal drawings in the SKANPAG standard.

1 Introduction

We consider the problem of producing an ortohognal drawing of a graph in the
plane. The three-phased topology-shape-metrics approach [1,3,14] breaks the
drawing problem into three subproblems:

1. Topology/Planarization: The first phase calculates a topology of the given
graph. If the graph is non-planar, this includes augmenting the graph with
dummy-nodes which represent edge crossings. The main objective is to pro-
duce as few crossings as possible.

2. Shape/Orthogonalization: The second phase calculates an orthogonal shape
for the given topology. Such a shape defines the bends on the edges, and
the angles between adjacent edges. The main objective is to produce as few
bends as possible.



3. Metrics/Compaction: The third phase calculates the final dimensions for the
given shape, by assigning lengths to the edge segments. The main objective
is to minimize the size of the resulting drawing.

In this paper we focus on the second phase of the approach, and propose
an extension of the well-known Simple-Kandinsky drawing model, which is also
known as Simple-Podevsnef [4]. Note that Simple-Kandinsky is a simplification of
the more complex Kandinsky/Podevsnef standard (Planar orthogonal drawing
with equal vertex sizes and non-empty faces) [10]. All of the above models define
orthogonal drawings with equal node size where multiple edges can be attached
to a single side of a node. In contrast to Kandinsky, Simple-Kandinsky has
certain restrictions on how these bundles split up. We give a brief introduction
to the Simple-Kandinsky model and its corresponding algorithm, which is based
on a min-cost-flow network, in Section 2.

Our extension, which is called SKANPAG (Simple-Kandinsky for Non-Planar
Graphs), is discussed in Section 3. It allows the dummy-nodes introduced in
the planarization phase to share positions on the drawing grid under certain
conditions. In general, this leads to a reduction of the number of bends, as well
as to a smaller area required by the drawing. Furthermore, it increases the overall
readability of the resulting drawing.

We show an upper bound of the bend count for the use of classic Simple-
Kandinsky on non-planar graphs in Section 4. In Section 5 we present an al-
gorithm that generates a bend-minimal SKANPAG-compliant shape (for a given
topology). To our knowledge, this algorithm is the first that can draw non-planar
graphs with the minimum number of bends in the Simple-Kandinsky model. Al-
though our method is based on an integer linear program (ILP), its running time
is very low in practice, even for large and dense graphs — drawing, e. g, the Ko5
takes under 50 seconds. This is discussed in detail in Section 6. We conclude
with Section 7 where we also present our ideas for further research in this field.

Since most of the proofs are quite technical and long, we only outline them
in this extended abstract. Details can be found in [5, 6].

A related approach has been followed by Féfimeier and Kaufmann in [9] for
the Kandinsky drawing standard. However, their method relies on the incorrect
assumption that all LPs with integer coefficients would result in integer solution
vectors and is beyond remedy [5].

2 The Simple-Kandinsky Model

The first polynomial approach to generate bend-minimal shapes was given by
Tamassia [13], and is based on transforming the problem into a min-cost-flow
network. This original method is restricted to graphs with maximum degree four.

Several attempts have been made to extend the method to the larger class of
planar graphs with arbitrary node degrees. We focus on a model where nodes are
drawn with uniform size. Fo3meier and Kaufmann have introduced the Kandin-
sky drawing standard [10]. By using a fine grid for the edges and a coarser grid



for the nodes, it is possible that several edges emanate from the same side of a
node, forming 0° angles between them. Furthermore, the standard does not al-
low faces with angle sum 0°. The authors present a minimum-cost flow approach
with additional constraints on the flow that can be realized, for instance, using
an ILP approach as in, e.g., [8] or in the AGD library [11].

Recently, Bertolazzi, Di Battista, and Didimo have proposed a simplification
of this standard — which we will refer to as the Simple-Kandinsky standard — by
adding the following restrictions [4]:

(S1) Each node with degree > 4 has at least one edge emanating from each of its
four sides. No node with degree < 4 is allowed to have 0° angles.

(S2) For each two neighboring edges that leave a node on the same side, the first
bend on the rightmost edge is a right bend.

The authors present a polynomial-time algorithm based on a network flow
model that computes bend-minimal drawings of planar graphs with fixed topol-
ogy in this standard. Here, we present a slightly modified but equivalent flow
model for this task. Although larger by a constant factor, it is favorable for our
purposes due to its simplicity, consistency, and straightforward extendibility.

Let G = (V, E) be a planar graph with given topology, characterized by the
face set F' with outer face f,. We create an underlying min-cost-flow network with
two different types of directed edges: (a) arcs from the nodes v € V' to incident
faces f € F with zero cost, and (b) arcs with unit cost between adjacent faces.

Each unit transported in this network corresponds to a 90° angle: A flow of
x units on an arc between a node v € V and a face f’ € F implies an angle
of -90° on f’ at v’. Each flow unit on an arc from the face f’ to f” (€ F)
introduces a 90° bend on the edge ¢’ € F that is on the border of both faces.

The capacities of the arcs as well as the supplies and demands of the nodes
in the network are straightforward, and similar to the original Tamassia model:
Each node v € V has a supply of four units which corresponds to 360°; each face
f € F—{f,} has a demand of 2 deg(f) —4, while the outer face f, has a demand
of 2deg(f,) + 4, where deg(.) denotes the number of edges bounding a face.

To satisfy constraints (S1) and (S2) — and therefore guarantee valid drawings
— we have to apply an augmentation to the network for each high-degree node in
V (see Fig. 1): We add a cyclic substructure of demand-free nodes. Each of these
nodes is the target of an arc of type (b) which causes right bends and an arc
of type (a). Furthermore, we insert arcs between the new nodes and the faces
surrounding the high-degree node; these arcs have a lower flow bound of one
unit. The construction guarantees that if two edges leave a node on the same
side, forming a 0° angle, the right edge of this bundle has to have a right bend.

3 Theory of Hyper-Faces — The Skanpag Model

The key to bend-minimality for non-planar graphs is to allow certain dummy-
nodes to share a grid point, see Fig. 2(a). Nodes that share a grid point are said
to be merged. Faces that become empty by such a merge, are said to be collapsed.
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Fig. 1. Network construction (left) and correctly augmented network (right); (circles
and triangles represent nodes and faces, resp., dashed arcs are unchanged by the aug-
mentation, irrelevant arcs are not shown)

If not stated otherwise, let G, = (V,, F,) be a non-planar, simple, and self-
loop-free graph. The graph G = (V, E) denotes the planarization of G, (based
on a topology T,). Let T be the planar topology of G that the drawing should
be based on, and F' the face set implied by T'. We have V =V, U D, where D is
the set of the dummy-nodes introduced by the planarization.

Definition 1. If an edge e, € E, is split up into several sub-edges e; € E during
the planarization, we call the set {e;} the meta-edge of any of these e;.

To extend Simple-Kandinsky for non-planar graphs in the most general way,
we have to demand its properties only for the underlying non-planar graph G,,
not for the planarized graph G. Hence we demand a right bend on bundles for
the meta-edges instead of only for their first sub-edges.

(a) Merging in SKANPAG (right) com- (b) Meta-edges (m1,mz2), hyper-
pared to Simple-Kandinsky (left) face, and hyper-edge (ef’)

Fig. 2. Definitions. Original nodes are circles, dummy-nodes are squares

This leads to the analysis of bundles of meta-edges, and when their dummy-
nodes are allowed to merge. Two meta-edges can only (partially) merge, if they



emit from a common source node s € V, with deg(s) > 4 (see property (S1)).
Therefore we can deduce the two different structures of faces in F which might
collapse:

— collapsible triangle (“coltri”): A face that has exactly one incident node with
a degree greater than four (the source node s of a bundle), and two incident
dummy nodes.

— collapsible quad (“colquad”): A face that has exactly four incident dummy
nodes.

This leads to the concept of hyper-faces (see Fig. 2(b)):

Definition 2. Let ey and ey be the edges incident to a coltri fy and its high
degree node 5. A hyper-face ff is a sequence of faces that starts with fy, contains
any number of colquads, and ends with a face other than a colquad. All its faces
have to be incident to a sub-edge of the meta-edges of ey and to a sub-edge of
the meta-edge of es.

Note that we only consider simple graphs; hence a hyper-face end-face can
never be a coltri.

We can merge a pair of dummy-nodes that lie on the border of such a hyper-
face, see Fig. 2(a), as long as there are no bends which cause a split up ( “de-
merge”).

If not stated otherwise, we will give directions on the hyper-face in its natural
orientation, where the coltri is at the bottom (as in Fig. 2(b)). We assume that
my (the meta-edge of e1) is on the right side of the hyper-face. To satisfy the
Simple-Kandinsky constraints, we have to assure that m, has at least one right
bend before any left bend, and before my (the meta-edge of e5) has a right bend.

It is clear that such a right bend has to happen before we would be forced to
merge a dummy-node with an original node. Hence we can specify the constraint
that such a right bend has to happen on the hyper-edge:

Definition 3. The hyper-edge ef! is an ordered subset of the meta-edge my and
contains all the edges of the meta-edge that are on the boundary of sub-faces of
the according hyper-face (see Fig. 2(b)). The analogously defined subset of mq is
the partner edge of the hyper-edge.

We can summarize these observations: SKANPAG has to force a right bend
on each hyper-edge, if its respective coltri has an opening angle of 0°. We can
merge dummy-nodes if and only if their two meta-edges leave a node on the
same side, and do not have any bends that would cause a split up of the bundle.
Note that edges incident to a high degree node that have not been split up by
the planarization step still have to satisfy property (S2) of standard Simple-
Podevsnef instead.



4 Quality Guarantee of Simple-Kandinsky

Prior to SKANPAG, the only way to draw non-planar graphs was to use a planar
drawing standard as a heuristics. We look at the special case of using Simple-
Kandinsky, because of its strong relationship to SKANPAG . Furthermore, Simple-
Kandinsky seems to be a good compromise between simplicity, execution time,
and quality. Hence it is quite interesting to assess the quality difference between
Simple-Kandinsky used as a heuristics and SKANPAG on non-planar graphs.

Note that for planar graphs, the minimum number of bends is equal for
Simple-Kandinsky and for SKANPAG. Since there are no hyper-faces in planar
graphs, there are no additional constraints, and hence no difference in the solu-
tion.

Also note that the minimal bend count in Simple-Kandinsky can never be
lower than SKANPAG’s: Each valid Simple-Kandinsky solution defines a valid
SKANPAG solution with the same number of bends because Simple-Kandinsky’s
right-bend constraint is a specialization of the corresponding constraint for
hyper-faces in SKANPAG.

Theorem 1. For any given planarized graph G = (V, E) and its planar topology
T with h hyper-faces, Simple-Kandinsky requires at most h more bends than
SKANPAG.

Proof. We assume that a SKANPAG-algorithm has calculated a valid shape. The
following observation holds true for every hyper-face h;: If the opening angle of
h; is 90° or if there is a right bend on the first sub-edge of h;, this shape is valid
for Simple-Kandinsky, too.

If the coltri has an opening angle of 0° and there is no right bend on the
first sub-edge of the hyper-edge of h;, it is not a valid Simple-Kandinsky shape
(Fig. 3(a), left). But we can achieve a related Simple-Kandinsky shape by in-
creasing the opening angle from 0° to 90° and adding one right bend on the
bundle partner of h; (Fig. 3(a), right).

This transformation is not influenced by collapsed coltris to the left of h;,
since these have to be extended by analogous bends themselves to become
Simple-Kandinsky compliant. Neither does the transformation influence its sur-
rounding area, since its overall shape remains the same.

Hence we need at most one more bend for each hyper-face to transform a
SKANPAG shape into a valid Simple-Kandinsky drawing. ad

Corollary 1. The bound given in Theorem 1 is tight.

Proof. Fig. 3(b) shows the graph used as a building block, containing exactly one
hyper-face. We can put an arbitrary number of these blocks next to each other
(joined by a simple edge). For every block, Simple-Kandinsky needs at least two
bends, but SKANPAG requires only one. Hence Simple-Kandinsky requires exactly
h bends more than SKANPAG. Note that each block is optimally planarized, since
there exists no other planarization generating less than two dummy-nodes per
block. O
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(a) A valid hyper-face in SKANPAG may (b) Example where the heuristic solu-
need one more bend in Simple-Kandinsky tion is as bad as it gets

Fig. 3. Simple-Kandinsky as a heuristics

5 An Algorithm for Bend Minimal Skanpag-Drawings

Due to lack of space, we only outline the following algorithms. We implemented
them as part of the AGD library [11] which is available freely for research pur-
poses. Details, as well as the corresponding proofs, can be found in our technical
paper [6] or in [5].

To solve the bend minimization problem, we use an ILP that models the
underlying min-cost-flow network introduced in Section 2 and contains the right-
bend-on-hyper-edge constraint.

While in Simple-Kandinsky the simple right-bend rule is enough to guarantee
valid drawings, this is no longer true for SKANPAG. Hence we need an in-depth
analysis of the situations that could render a correct drawing of hyper-faces
impossible. Note that if all hyper-faces are drawn correctly, the complete graph
will be drawn correctly (see the proof of Simple-Kandinsky’s validity in [4]).

If the coltri of a hyper-face has an opening angle of 90°, the drawing of
the hyper-face is always valid (this follows from the correctness of Simple-
Kandinsky). Hence we only have to analyze the case of a 0° opening angle.

By careful enumeration we can deduce two different types of situations that
inhibit valid drawings of a hyper-face:

1. A flow unit that leaves a collapsed sub-face to its left side, and reenters over
the same side. (Although this situation seems like a contradiction to the
objective function, it occurs in bend-minimal drawings — both in SKANPAG
and in Simple-Kandinsky — to generate necessary right bends)

2. A flow unit sent from a sub-face f; into its neighboring sub-face fs below it.
(a) The flow unit is not sent directly backwards from fy to fi
(b) The flow unit is sent directly backwards from fo to f;

We can show that we can prohibit all type 1 and type 2a errors by simple
changes of the network structure, without cutting off the optimal solution. The
errors of type 2b, however, are more complicated. They could, e. g., be avoided by
additional constraints in the ILP, but these would introduce new 0/1-variables.
Therefore we propose a different approach using a repair-function:

We solve the ILP without handling type 2b errors and thus generate an
almost valid solution. This solution can then be repaired by a polynomial helper



function. The principle of this repair function is to analyze the remaining errors
and move the corresponding flows to other positions. It ensures that all bend
properties and constraints are still satisfied afterwards, but the formerly invalid
flows do not generate errors anymore.

Our repair-function has an upper time bound of O(h2(2,,.), where h is the
number of hyper-faces and l,,,4, the cardinality of the longest hyper-face. This

bound can be estimated more generously as O(|E|?).

6 Computational Results

The Rome graphs [7] are a well established collection of 11529 graphs based on
112 graphs taken from real-world applications. They have between 10 and 100
nodes each, and 3280 graphs are planar. But even the non-planar graphs are
quite sparse and have therefore very few dummy-nodes after the planarization
step. Nearly 7000 graphs do not have any hyper-face at all and 1500 others
contain only one. Thus we know from Theorem 1 that we cannot expect big
differences between Simple-Kandinsky and SKANPAG . The implementation of
our new method solves all these graphs without any need for the repair-function,
nor does the LP-relaxation ever produce non-integer solutions.

Since this test suite is too sparse to show the difference between SKANPAG and
Simple-Kandinsky, we squared each of the Rome graphs. The resulting graphs
are still not extremely dense, but have more hyper-faces: only about 1200 still
have none.

If not otherwise stated, the statistics compare SKANPAG to Simple-Kandin-
sky. As Fig 4(a) shows, we need nearly 10% less bends in the average case for
big graphs, with peak values of up to 25%. The size of the drawing (Fig 4(b))is
reduced by over 20% on average. In some cases, we reduce the area consumption
by 60%. As Fig 4(c) shows, the runtime performance of SKANPAG is acceptable
even for large and dense graphs.

We also tested SKANPAG with complete graphs (up to K3g), to demonstrate
the quality advantage for dense graphs. Note that the planarization of K3g has
nearly 11000 dummy nodes. Fig 4(d) shows that we can save 15%-20% of bends
for all such graphs with over 11 nodes; the area savings are even higher (up to
50%, see Fig. 4(e)). Figure 4(f) shows the runtime performance of SKANPAG and
Simple-Kandinsky.

Figure 5 shows an example of a quite dense graph, drawn by Kandinsky,
Simple-Kandinsky, and SKANPAG (equally scaled). More examples and details
on the statistics can be found in [5].

7 Conclusion and Further Work

We have presented a new approach for drawing non-planar graphs that takes
the special properties of dummy nodes into account. Our algorithm guarantees
the minimum number of bends for any given topology following the Simple-
Kandinsky properties, by the use of an integer linear program. It is the first
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Fig. 4. Performance of SKANPAG, relative to Simple-Kandinsky. Top row: squared
Rome graphs; bottom row: complete graphs. The peak at (f) is because the ILP-solver
had to do several branches

approach to solve this problem and due to our polynomial time repair function,
the runtime is acceptable even for large and dense graphs.

Note that our algorithm can also be used for drawing clustered graphs or-
thogonally. These are usually drawn by modeling the cluster boundaries as circles
consisting of dummy-nodes and dummy-edges [2,12]. By treating the dummy-
nodes on the cluster boundaries just like any other dummy-node, we can achieve
savings in bends and area compared to previously known algorithms.

The complexity of producing bend-minimal drawings in the SKANPAG model
is still unknown. This — as well as the complexity proof for the Kandinsky model
itself — is an interesting field of future study.
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